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Trapping obstacles, having at least one isolated multiple reflecting trapping ray, 
are considered. It is proved that for every E > 0 there are poles kj of the scattering 
matrix such that 0 < Im Aj < E Log 1 ljl. 
1 
Let K c R” be a bounded domain with smooth boundary r3K. Assuming n 
odd, n > 3, consider the Dirichlet problem 
i 
<a; -A) u = 0, 4RXaK = 0, 
4,=O’fi> a,4=o =f*- 
(1) 
The scattering matrix, associated to (I), is an operator-valued function S(n): 
L*(Sn-‘)+L2(Sn-‘), meromorphic in C, with poles Aj in the open upper 
half-plane (see [ 6, Chap. VI). Some open problems are connected with the 
link between the geometry of aK and the distribution of poles Ai. In this 
direction for non-trapping obstacles the best-known result is due to Lax and 
Phillips 17 ]. They established the existence of a number E,, > 0 such that 
Iml,i>sOLogJ~jl for all poles A/. (2) 
The reader should consult [lo] for a precise definition of non-trapping 
obstacles. In fact, Lax and Phillips obtained (2), provided the generalized 
Huygens’ principle is fulfilled; however, the results in [S-lo] show the 
validity of this principle for non-trapping obstacles. The location of the poles 
Aj for obstacles, involving trapping rays, is a complicated problem. Recently, 
Bardos, Guillot, and Ralston [ 1, 21 and Ikawa [4, 51 examined the simplest 
situation, when trapping rays appear, namely, the case of two strictly convex 
disjoint obstacles. For such obstacles they proved that for every E > 0 there 
are poles lj such that 
0 < Im Aj < e Log IA,J 
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(3) 
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Sharper information on the distribution of poles has been obtained by Ikawa 
]5 ]. Ralston ] 171 conjectured that for every E > 0 the inequality (3) holds 
whenever there are trapping rays. The purpose of this note is to prove this 
for a class of obstacles, involving at least one isolated multiple reflecting ray. 
The precise definition of such rays will be given later. 
2 
The starting point in our analysis is the convergence of the series 
(4) 
established in (2 ]. Here r = sup((x(; x E K} and the summation is over all 
poles l,i. Let us introduce the counting function N&) = #(Ai;~ < Im li < 
p + 1 }. Assuming (2) fulfilled, it is easy to obtain the estimate 
N(m) < C exp(2r + (n + 2)/E,) m, VmEN. (5) 
This fact follows from the convergence of (4) and we leave the proof to the 
reader. 
Remark 1. The estimate (5) can be deduced also from a polynomial 
bound of the counting function. I ‘&) = #{Aj; /Aj/ <,u) (see [ 121). 
Now consider the distribution a(t) = xi e’li’ E 9’(2r, CIO), determined as 
follows: 
(a(r), qS(t)) = x q&Ii) = tr (.I’ d(t) Z(f) dt. 
i .2r 
Here Z(f) is the semi-group, introduced by Lax and Phillips (see (6, 
Chap. III ]), 4(t) E C,“(2r, co) and $(A) is the Fourier transformation of 4(t). 
We refer to 12 ] for the proof of the trace class property, used in the 
definition of a(t). 
The behaviour of the distribution a(t), as t /” co, is related to the 
asymptotics of the scattering phase. In this direction the author and G. 
Popov established the following 
PROPOSITION I [ 13, 141. Assume K non-trapping. Then there exist two 
numbers T > 0, 6 > 0 such that for t > T we have a(t) E Cm and 
(6) 
It is interesting that a similar result holds, provided only the inequality (2) 
is fulfilled. 
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PROPOSITION 2. Assume (2) fulfilled with a number q, > 0. Then for 
every m E N there exists a number T,,, > 0 such that for t > T, we have 
o(t) E C” arid (6) is satisfied with 6 > 0. 
Proof. Consider the series 
< Cem’Eo kto exp((2r + (n + 2 + m)/&, - t) k). (7) 
Taking t > 2r + (n + 2 + m)/Eor we obtain the proposition. 
In what follows, our aim will be to exploit the existence of trapping rays in 
order to obtain a sequence t,, t, / co of singularities of u(t). Consider the 
self-adjoint extension A of the laplacian in L*(Q), Q = R”\K, with a 
Dirichlet boundary condition on an. Similarly, let A,, be the self-adjoint 
extension of the laplacian in L*(R”). By using the functional calculus, we 
determine the operators cos G t, cos J-d, t. Extending cos J-d t as 0 
on the orthogonal complement (L*(Q))’ in L*(R”), we shall consider 
cosG t @ 0 as an operator in L*(R”). As was shown in 121, we have 
tr j2T 4(t) Z(t) dt = 2 tr j2T $(t)(cos @ t @ 0 - cos \/-d, t) dt. (8) 
This formula and the results on propagation of singularities of Melrose and 
Sjostrand ] 8,9 ] lead to the following 
PROPOSITION 3. The singular support of u(t) is included in the union of 
all periods of the generalized geodesics. 
The generalized geodesics are projections on fi of the generalized 
bicharacteristics of the wave equation, introduced in [8,9]. Proposition 3 
was established in [2] for obstacles, which do not admit bicharacteristics 
tangent of infinite order to T*(R X aa), and in [ 141 in the general case. 
3 
Next we shall concentrate our attention on the inverse problem, namely, 
when the existence of a multiple reflecting ray y leads to some singularities of 
u(t). A multiple reflecting ray is a union of segments, obtained as projections 
of the bicharacteristics of the wave equation, hitting transversely the 
boundary (for more details see [3]). Let T be the primitive period of y, i.e., 
the smallest period of y, and let P be the Poincare map of y. A precise 
definition of this map is given in [3]. We make the following 
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DEFINITION. A multiple reflecting ray y with primitive period T will be 
called isolated if the following properties are fulfilled: 
(i) there exists a sequence nj E N, nj / co, such that for every fixed 
n,i there are no generalized geodesics, different from y, with period njT; 
(ii) the spectrum of the linear maps P”J does not contain 1. 
EXAMPLE. Consider the case of two strictly convex disjoint obstacles. 
studied in ] 1, 2, 4, 5 1. Then there is only one trapping ray, which is isolated. 
In fact, (i) is obvious, while (ii) is proved in [ 2 ]. 
It is not hard to see that there are many other trapping obstacles, having 
isolated multiple reflecting periodic rays. 
To study the behaviour of o(t) near the periods tl = njT of an isolated ray 
y. it is convenient to modify the right-hand part of (8). Let t,i be fixed, 
tj < T,. Given a function 4(t) E C?(R) with supp $ c (2r, T,), we choose 
two functions w,(x), I,v,(x) E C$(R”) with the properties: 0 < v;(x) < 1. 
i = 1, 2, v,(x) = 1 for ]x] < T,, + r, v,(x) = 0 for 1x1 > T, + 2r, v,(x) = 1 for 
Ix/ < 2T,, + 2r, w*(x) = 0 for ]x] > 2T, + 3r. Therefore, as was discussed in 
] 2. 14 ], applying a domain dependence argument, we get 
Wh o(f)) = (F(t), 4(t)) + 2 tr .I: 4(t) w2(x) cos \/-d w,(x) dt, 
where F is a smooth function. By using the finite speed of propagation, it is 
easy to see that the singularities of a(t) near tj coincide with those of the 
distribution c(t) = Ck cos 6 t. Here ,uk denote the eigenvalues of the 
laplacian -A in the bounded domain R n (Ix] < 2T,, + 2r) with Dirichlet 
boundary conditions on XI and Ix] = 2T,, + 2r. Since y is isolated, we can 
apply the result of Guillemin and Melrose (see 13, Theorem 21). This result 
says that near tj the distribution c(t) agrees with the real part of 
i”i(-l)Nj T]det(Z - P”j)l-L’2(t - ti + iO)-’ mod L:,,, . 
Here N,i is the number of reflections of y, uj is the Maslov index, related to 11, 
and P is the Poincare map of y. This representation shows that the existence 
of an isolated ray guarantees that a(t) has a sequence of singularities ti. 
ti /” co. Combining this fact with Proposition 2, we obtain our main result. 
THEOREM. Let K be an obstacle, having at least one isolated multiple 
reflecting periodic ray. Then for every E > 0 there are poles A,i of the 
scattering matrix, satisfying (3). 
Remark 2. The results in ]3] make possible the analysis of the situation, 
when the periods of some multiple reflecting rays coincide. To treat this case, 
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some condition on the numbers Nj, oj must be imposed, in order to avoid the 
possible cancellation of the singularities. 
The above result could be considerably extended to a large class of 
trapping obstacles if a link between the condition (2) and the uniform decay 
of the local energy is established. Then the analysis of the singularities of 
a(t) can be replaced by the lack of a uniform decay (see [ 151). In this 
direction we make the following 
Conjecture. Assume (2) fulfilled with a number .zO > 0. Then there are 
two constants C > 0, 6 > 0 such that 
II Z(t)11 < Ce-“, (9) 
where Z(t) denotes the semi-group, introduced by Lax and Phillips (61. 
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